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Azimuthal Sound Mode Propagation in Axisymmetric Flow Ducts
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Assuming an axisymmetric mean flow and acoustic boundary conditions, a set of three-dimensional axisymmetric
equations suitable for each azimuthal sound mode of fluctuation is derived based on the three-dimensional linearized
Euler equations. The independent two-dimensional model for each azimuthal sound mode is deduced by a Fourier
series decomposition. A computational aeroacoustics approach is then applied to solve each two-dimensional equa-
tion system. The dispersion-relation-preserving finite difference scheme is implemented for spatial discretization,
whereas the 2N storage low-dissipation and low-dispersion Runge–Kutta scheme is applied for time integration.
Appropriate boundary conditions are prescribed at the various boundary regions. The numerical procedure is first
validated by cases of a straight circular pipe and an annular duct subjected to a subsonic uniform mean flow, the
numerical results of which show very good agreement with the analytical solutions. A further numerical example
is presented for an axisymmetric inlet duct with an aeroenginelike geometry including an internal spinner. The
aeroacoustic computation is based on an inviscid irrotational mean flow calculated by a second-order computa-
tional fluid dynamics solver. The acoustic solutions agree well with the existing finite element and multiple-scales
solutions in the literature. Finally, the cuton, cutoff transition phenomena are investigated based on the proposed
numerical approach. The transition behavior is found to be highly dependent on the mean flowfield in addition to
the known geometric effect. These results demonstrate the feasibility of the proposed model and solution procedure.

Nomenclature
Amn = complex amplitude of the sound source
A, B, C, D = matrices incorporating the spatial and mean

flow derivatives to the acoustic field
ai = stencil coefficients of the dispersion-relation-

preserving finite difference scheme (i = −3, 3)
a∞, �∞ = typical sound speed and density, respectively
bnt = Gaussian half-width of a buffer zone
Fx , Fr , Fϕ, G = vectorlike functions of Q for the spatial

derivatives
i =

√−1
Jm = mth-order Bessel function of the first kind
k = axial wave number
k(q) = flux of the differential equations
L = length of a duct
Mx = local mean flow Mach number
m = azimuthal acoustic mode number
n = radial acoustic mode number
n = normal vector
p̄ = mean flow pressure
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p′ = pressure fluctuation
Q, q = vector of conservative and primitive dependent

acoustic field variables, respectively
q = primitive dependent acoustic field variables
q0 = basic states of primitive dependent variables
R−1

d (x) = reduction coefficient of Newtonian friction
�e{ } = real part of the complex variables
R1, R2 = outer and inner wall radius of ducts
R∞ = typical duct radius
t = time
Ū , V̄ , W̄ = components of the mean flow velocity

in x, r, ϕ directions, respectively
u′, v′, w′ = components of the velocity fluctuation

in x, r, ϕ directions, respectively
V = contravariant velocity
x, r, ϕ = components of the cylindrical coordinate

system
xB = x coordinates of terminal plane
x ′ = function of x and L
Ym = mth-order Neumann function
λ = acoustic wavelength
µmn = radial wave eigenvalue of azimuthal mode m

with radial order n
ξ = cutoff ratio
ρ̄ = mean flow density
�′ = density fluctuation
ω = angular frequency

Introduction

F AN tones are known to be an important noise component
of modern high-bypass-ratio aeroengines. To accurately eval-

uate the sound propagation in an aeroengine inlet and the far-
field radiation thereof, the prediction methods must be capable of
handling complex geometries, including the spinner, and variable
cross section and of accounting for basic mean flow effects. In
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general, fully three-dimensional numerical methods1−4 are required
for the calculation of sound propagation in a duct. The main dis-
advantage is that three-dimensional methods, especially for high-
frequency cases, have high costs, both of time consumption and of
the computational resources demanded.

This paper addresses small-amplitude sound propagation in ax-
isymmetric duct flows. The three-dimensional linearized Euler
equations in a cylindrical coordinate system (x, r, ϕ) could be used
to describe this problem. However, under the assumption of an ax-
isymmetric mean flow and axisymmetric acoustic boundary con-
ditions, the three-dimensional fluctuating quantities can be decom-
posed into a Fourier series in the azimuthal direction. This trans-
form of the independent variable ϕ to the azimuthal mode number m
yields a system of independent two-dimensional (x, r) differential
equations for each azimuthal mode m of the fluctuations. Because
tone noise in the inlet of aircraft engines is generally dominated
by only a few components at the blade-passing frequency and its
harmonics plus harmonics of the shaft frequency (in the case of
buzz-saw noise), it is computationally much more efficient to treat
these few two-dimensional Fourier components rather than to solve
the full three-dimensional system. In fact, the Fourier decomposi-
tion technique has found various applications in axisymmetric duct
acoustics. For example, it was employed in the finite element method
(FEM) of Eversman et al.5 and the multiple-scales (MS) method of
Rienstra.6

The approach proposed in this paper is a hybrid numerical
procedure. The two-dimensional axisymmetric mean flow is first
calculated by a low-order computational fluid dynamics (CFD)
method through solution of the Euler equations. Then the acous-
tic field is computed by a high-order computational aeroacoustic
(CAA) approach through solution of each component of the de-
rived three-dimensional axisymmetric system. Usually the models
of MS,6 FEM,5 boundary element,7 and finite and infinite element8,9

prefer the choice of frequency domain because they are techni-
cally easier to deal with for single-frequency problems and only
the convected Helmholtz equation is considered as the governing
equation. However, the time domain method has gained more fa-
vor in CAA simulations1,2 due to the convenience on broadband
noise predictions as well as on solving complex equation sys-
tems. To develop a more general numerical procedure, a time do-
main method is chosen to solve the derived governing equations in
this paper.

The proposed CFD/CAA numerical procedure is first validated
by comparison with the analytical solutions in a circular and an
annular duct with a uniform mean flow. Then two typical numer-
ical results are given for an aeroengine inlet duct geometry and
benchmarked against the results of FEM and MS methods.10 To
show the capability of the CFD/CAA hybrid method, the acoustic
hard-walled duct cuton and cutoff transition phenomenon is studied
numerically for the same aeroengine duct inlet geometry. Much at-
tention is paid to the sensitivity of the transition plane to the basic
mean flow assumptions with a one-dimensional potential flow and
a two-dimensional Euler mean flow, respectively. The contents of
this paper are organized in the following manner: The mathematical
model is first presented with a derivation of the governing equations
and the description of the basic hybrid procedure. Then the detailed
numerical algorithm is described with special attention to bound-
ary conditions. The numerical validation and investigation cases are
detailed in the Results and Discussion section. Finally a conclusion
on the presented results is given.

Mathematical Model
Concerning the propagation of small-amplitude sound waves in a

cylindrical or annular duct with subsonic inviscid mean flow with-
out swirl (W̄ = 0), the linearized three-dimensional Euler equations
specialized to cylindrical coordinates are selected as the starting
point:

∂Q
∂t

+ ∂Fx

∂x
+ ∂Fr

∂r
+ 1

r

∂Fϕ

∂ϕ
+ G

r
= 0 (1)

where the vectors Q, Fx , Fr , Fϕ , and G are given by the acoustic
and mean flowfield state:

Q =


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
 , Fϕ =




ŵ′
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Assuming a homentropic mean flow and neglecting heat conduc-
tion, the isentropic law can be used to link pressure and density
perturbations:

p′ = γ ( p̄/�̄)�′ (2)

Equations (1) and (2) are given in nondimensional form. The
length scales x , r are nondimensionalized by a typical duct radius
R∞; the velocity components u′, v′, w′, Ū , V̄ , and W̄ by the typical
speed of sound a∞; the time t by R2/a∞; the densities �′ and ρ̄ by
the typical density ρ∞; and the pressures p′ and p̄ by the product of
the typical speed of sound squared and density ρ∞a2

∞.
The dependency of the sound field on the azimuthal coordinate

ϕ is described by a Fourier series of m, e.g., for the pressure:

p′(t, x, r, ϕ) = p′
m(t, x, r)e−imϕ (3)

Considering an axisymmetric duct geometry with axisymmetric
mean flow and expanding Eq. (1) with the approach equation (3), a
set of fully decoupled only two-dimensional-dependent (x , r ) gov-
erning equations for a single mode can be found. They are rewritten
in matrix-vector form:

∂q
∂t

= −A · ∂q
∂x

− B · ∂q
∂r

− 1

r
C · q − D · q (4)

with
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, B =
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and q = (�′
m, u′

m, v′
m, w′

m, p′
m)T . The closing equation (2) becomes

p′
m = γ ( p̄/�̄)�′

m (5)

For handling complex geometries, the governing equations are
solved in generalized curvilinear coordinates by a CAA method so
that body-fitted computational meshes can be used conveniently.
The required background mean flow is separately calculated by a
low-order finite volume CFD method using the Euler equations. In
particular, the mean flow entropy is assumed to be constant for con-
sistency with the homentropic assumption given earlier [ p̄ = p̄(�̄)].

In summary, the resulting CFD/CAA numerical method consists
of the following four steps: 1) calculation of the inviscid homen-
tropic mean flowfield by a CFD method, 2) Fourier decomposition
of the three-dimensional sound source into azimuthal sound modes,
3) CAA computation of the sound propagation for each mode, and
4) recomposing the computed solutions to a three-dimensional
sound field using the inverse Fourier transform if required, such
as to construct an integration surface for far-field computation.

It should be pointed out that the proposed model can be extended
to be suitable for nonhomentropic mean flow cases by replacing
Eq. (2) with a linearized entropy equation. A set of governing equa-
tions including swirl (W̄ �= 0) can also be derived. The resulting
approach will be valid for the bypass duct of an aeroengine as well.

Numerical Algorithm
Discretization Scheme

To solve the three-dimensional axisymmetric governing equa-
tions (4) and (5), a CAA approach is developed. It is impor-
tant to select numerical schemes having high resolution and low
dispersion and dissipation in both space and time discretiza-
tion. The well-known seven-point fourth-order dispersion-relation-
preserving (DRP) finite difference scheme by Tam and Webb11

is employed for space discretization. In the interior field, the
fourth-order centralized stencil coefficients are selected as a0 = 0,
a1 = −a−1 = 0.770882380518, a2 = −a−2 = 0.166705904415, and
a3 = −a−3 = 0.0208431427703. At the boundary region, backward
stencil coefficients are implemented. Detailed information can be
found in the review paper by Tam.12 The DRP scheme can resolve
sound waves approximately seven points per wavelength (PPW)
with little dispersion and dissipation. The solution is advanced
in time by the 5

6 low-dissipation and low-dispersion Runge–Kutta
method13 in the 2N storage form.14 Because the centralized DRP
scheme has been applied, the selective artificial damping technique15

is adopted to eliminate spurious short-wavelength signals excited
from boundaries or stretched grids.

Boundary Conditions
Numerical computations can be performed only in a finite do-

main size. Considering an aeroengine intake geometry as shown in
Fig. 1, appropriate boundary conditions (BCs) must be correctly
implemented for each boundary including the inflow, sound source,
hard wall, and axis of the cylindrical coordinate system. Detailed
information for the BCs is given next.

Inflow BC
In this paper, we focus on the upstream propagation of acoustic

modes through ducts with subsonic mean flow. It is assumed that

Fig. 1 BCs for a generic aeroengine inlet geometry.

there is no reflection from the inflow boundary region. To prevent re-
flections, a Newtonian cooling/friction-based damping layer buffer
zone16,17 is introduced at the inflow boundary region. The princi-
ple is to absorb all of the upstream-propagating disturbances in the
buffer zone before they reach the outer boundary, therefore yielding
a nonreflective inflow boundary. The basic equation can be written
in the following form16,17:

∂q
∂t

+ R−1
d (x)(q − q0) = k(q) (6)

Here k(q) denotes the flux of the system of differential equations (4)
and (5).

At the inflow boundary region, which includes three grid lines in
the outer boundary region, q0 = 0 is prescribed and the control co-
efficient of Newtonian friction R−1

d (x) reaches the maximum value
at the terminal plane xB and gradually decreases to zero toward the
interior with a Gaussian half-width of bnt as described by

R−1
d (x) = R−1

d (xB) exp
{− ln(2.0)[(x − xB)/bnt ]

2
}

(7)

Sound Source BC
The sound source boundary is assumed to be located ahead of

an aeroengine fan. Generally the inlet internal sound source BCs
should serve two different purposes. On one hand they should excite
the incoming duct acoustic modes propagating upstream toward
the inlet plane. On the other hand, they must allow the reflected
waves from an open end, a turning plane, or duct shape variation
to leave the computational domain without reflection. To serve this
role, a transition zone with 10 grid spacings from the source to the
interior domain is introduced to force the numerical solutions to the
analytical sound sources from the interior to the source boundary.

Following the idea of the Newtonian friction technique as ex-
pressed by Eq. (6), here q0 is set to the analytical sound source.
In this way, reflected waves from the interior domain are absorbed
gradually to the value of the sound source when they reach the sound
source boundary. Additionally, short-wavelength oscillations aris-
ing from the abrupt change between the given sound source and the
interior domain are reduced by the Newtonian buffer zone. Note that
in a real aeroengine the waves reflected downstream could also in-
teract with the fan or the exhaust, generating upstream-propagating
sound waves, a process that is neglected in this formulation. Each
upstream-propagating acoustic azimuthal mode excited at the source
plane can be specified by the analytical solution for a radially con-
stant mean flow as a set of radial modes of the given azimuthal mode
for a circular or annular cylindrical duct:

q0 =




�′

u′

v′

w′

p′




mn

= Amn




N Jm(µmnr) + MYm(µmnr)

k

ω − Mx k

[
N Jm(µmnr) + MYm(µmnr)]

− iµmn

ω − Mx k
[N J ′

m(µmnr) + MY ′
m(µmnr)]

m

r(ω − Mx k)
[N Jm(µmnr) + MYm(µmnr)]

γ
p̄

�̄
[N Jm(µmnr) + MYm(µmnr)]




ei(ωt − mϕ − kx)

(8)

where Amn is the specified complex amplitude of the sound source
and Jm and Ym denote, respectively, the mth-order Bessel function
of the first kind and the Neumann function. For the hard-wall cases,
v′ = 0, M/N = − J ′

m(µmn R1)/Y ′
m(µmn R1). The usually complex
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wave number k in the axial direction is expressed in terms of the
mean flow Mach number Mx (for the inlet cases, Mx < 0) for the
upstream-propagating acoustic wave as

k =
−ωMx +

√
ω2 − (

1 − M2
x

)
µ2

mn

1 − M2
x

(9)

The cutoff ratio is defined as

ξ = ω
/(

µmn

√
1 − M2

x

)
(10)

An acoustic mode is cuton if ξ > 1. The mode is cutoff if ξ < 1
because the axial wave number k has a nonzero imaginary part.

To be consistent with the radial eigenvalue µmn , the excited sound
source is assumed to be subjected to a uniform mean flow. However,
the CFD calculated mean flow velocity of the two-dimensional Euler
solution at the source plane x = 0 varies along the radial direction.
This is different from the uniform mean flow at the source region
employed in the FEM and MS computations.10 The sound source
BC should therefore be generalized such that it becomes suitable for
radially varying mean flows, in the future thereby avoiding the errors
and restrictions arising from the uniform mean flow assumption.

Solid-Wall BC
For the inviscid flow cases, the zero normal contravariant velocity

condition should be satisfied at the curvilinear solid walls. Because
a high-order DRP scheme is employed to discretize the governing
equations, the number of BC required for a unique solution is large.
Here the solid-wall BC proposed by Tam and Dong18 with ghost
values p′ inside the wall is chosen for satisfying V · n = 0, where
V and n represent the contravariant velocity and normal vector,
respectively.

Axial Boundary
For the three-dimensional axisymmetric approach, a special BC

is needed on the axis. The BC is symmetric or antisymmetric de-
pending on the azimuthal mode number m. Unlike the solid wall,
three ghost lines below the symmetry line are used for the seven-
point DRP scheme, which are calculated by the dependency on m.
Inserting ϕ = π for a point below the symmetry line, one obtains
the coefficient �e{e−imπ } = (−1)m for the mirrored points below the
axis.

For the velocity components, the axial BC has to be formulated
in the index-coordinate system that is used above the axis, as the
cylindrical coordinate system uses a basis of vectors rotated 180 deg
around the x axis. Observing the fact that, unlike the cylindrical
coordinates, the index coordinates i and j maintain their direction
for the mirrored points, the sign of the v′ and w′ velocity components
must be changed again. The axial boundary conditions can thus be
expressed as

p′(−r) = (−1)m p′(r) (11)

�′(−r) = (−1)m�′(r) (12)

u′(−r) = (−1)mu′(r) (13)

v′(−r) = −(−1)mv′(r) (14)

w′(−r) = −(−1)mw′(r) (15)

Another problem is the singularity of the cylindrical coordi-
nates at the axis (for r → 0). The terms of (1/r)�̄(v′

m − imw′
m)

and (1/r)�′
m V̄ and the terms of (1/r)V̄ w′

m and (1/�̄)(im/r)p′
m in

Eq. (4) must be considered in order to avoid singularities. Here the
product (1/r)C · q involved in these singularity terms is replaced
by its limit value as

lim
r → 0

1

r
C · q = C · ∂q

∂r
(16)

From physical considerations, it is clear that none of the ratios
can approach infinity; hence, this singularity must be discussed for
each azimuthal mode with respect to its particular physics. The
axisymmetric mean flow has no component orthogonal to the axis
at the singularity. The radial flow velocity component V̄ , tends to
zero faster than r , and therefore the terms (1/r)V̄ �′

m and (1/r)V̄ w′
m

are zero at the axis. The C in Eq. (4) can then be simplified to

C =




0 0 �̄ m�̄ 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −m

�̄




(17)

The two terms that remain to be considered in C , are now dis-
cussed for different azimuthal modes. For m = 0, only the v′

m/r term
has to be replaced by its limit value, ∂v′

m/∂r . Thus C in Eq. (17) is
reduced and replaced by C0 as expressed in Eq. (18). For m = 1,
the term v′

m − iw′
m equal to zero, p′

m/r is replaced by its limit
value, ∂p′

m/∂r , and C is replaced by C1 as shown in Eq. (18).
For m = 2, only (v′

m − imw′
m)/r is replaced by its limit value,

∂(v′
m − imw′

m)/∂r , and C is replaced by C2 as seen in Eq. (18):

C0 =




0 0 �̄ 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


 , C1 =




0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 −m

�̄




C2 =




0 0 �̄ m�̄ 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0


 (18)

At the axis, higher modes (m > 2) behave like the mth-order
Bessel function of the first kind. Then C in Eq. (17) can be com-
pletely neglected because the ϕ derivatives at the axis reach faster
to zero than r :

Cm ≡ 0, m > 2 (19)

Results and Discussion
Validation Using Hard-Walled Circular and Annular Ducts

The CAA procedure is first validated by a straight circular and
a straight annular hard-walled infinite duct with upstream propaga-
tion of acoustic modes through subsonic uniform mean flows. The
necessary appropriate BCs for both the circular and annular ducts
are merely simplifications from the arrangement for a complicated
aeroengine inlet duct geometry as sketched in Fig. 1. In both cases,
the sound sources are excited against the uniform mean flow of
M0 = −0.5. Because the cross section and mean flow are constant
for both validation cases, there are no reflection waves from the
inflow regions. Hence the numerical results can be compared with
analytical upstream wave solutions.

In the circular duct case, a uniform grid with 
x = 
r = 1/32
is distributed in the interior domain along both the x− and r−
directions. The total number of grid points used in the computation
is 120 × 37 including a stretched buffer zone. The grid resolution is
13 PPW along the x direction in the interior domain. Figure 2 gives
the instantaneous wall pressure comparison between numerical and
analytical solutions for m = 6, n = 1, ω = 10, with the buffer zone
not shown. There is a good agreement of the numerical and the
analytical results.

For the annular duct case, the outer wall radius is R2 = 1 and
the inner wall radius is R1 = 0.42356. Uniform grids are distributed
along both the x and r directions in the interior domain. The grid
is stretched in the x direction to obtain a longer buffer zone at low
computational costs. The total number of grid points is 120 × 35.
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Fig. 2 Normalized instantaneous wall pressures along a cylindrical
circular duct (m = 6, n = 1, ω = 10, M0 = −−0.5): ××, CAA and ——,
analytical.

Fig. 3 Normalized instantaneous outer wall pressures along a cylin-
drical annular duct (m = 10, n = 1, ω = 16, M0 = −−0.5): ××, CAA and
——, analytical.

The grid resolution is about 14 PPW along the x direction in the
interior domain. The instantaneous outer wall pressure comparison
between CAA and analytical solutions at m = 10, n = 1, ω = 16 is
shown in Fig. 3, with the buffer zone not shown. The numerical
results agree well with the analytical solutions.

The two basic validation cases have proved the accuracy of the
numerical schemes as well as the various BCs. In particular, it is
noteworthy that the buffer zone BC is very reliable and robust in
the inflow region. It has also worked well in conjunction with the
prescribed sound source, rendering a nonreflective sound source BC
for computations.

Comparison Between the CAA, FEM, and MS Solutions for Accoustic
Duct Mode Propagation in an Axisymmetric Aeroengine Inlet Duct

An axisymmetric inlet with aeroenginelike geometry from the
paper of Rienstra and Eversman10 is selected for further benchmark-
ing, as a range of semi-analytic and purely numerical test cases are
available for comparison. The outer and inner wall radii of the inlet
geometry, R2 and R1, are described by

R2(x) = 1 − 0.18453x ′2 + 0.10158
e−11(1 − x ′) − e−11

1 − e−11
(20)

R1(x) = max
[
0, 0.64212 − (0.04777 + 0.98234x ′2)

1
2
]

(21)

where x ′ = x/L , L = 1.86393, R1(0) = 0.42356, and the spinner tip
is located at x = 1.13547.

Equations (20) and (21) define the duct shape from the source
plane x = 0 to the inlet plane x = 1.86393. The duct is extended
from the inlet plane x = 1.86393 to the terminal plane x = 3.0 to
allow the flowfield to become uniform at the terminal plane. For
CAA computations, the extended domain will serve as a Newtonian
friction-based buffer zone to absorb inflow disturbances. A sketch
of the duct inlet together with the prescribed BCs for the CAA sim-
ulation is shown in Fig. 1. Body-fitted grids are generated for all
of the CAA computations with 451 × 151 points in the x and r
directions, respectively. The employed DRP scheme has a spatial
resolution of approximately seven PPW. For the highest frequency
case (calculated in this paper) of ω = 50, M0 = −0.5, m = 40, n = 1,
there are about 18 PPW in the axial direction. The number of grid
points provides a resolution of at least 12 PPW for the modes and
frequencies shown in this paper. To check the accuracy, a refined
mesh (in both directions) with 901 × 301 points has been generated
to calculate the case of highest frequency and azimuthal mode num-
ber. To reduce the computation time, the grids have been split into
evenly distributed multiblocks for parallel computations.

Mean Flowfield
The mean flow is assumed to be two-dimensional in the axisym-

metric geometry, such that there is no swirling component (W̄ = 0).
A low-order CFD Euler solution was used to compute the mean
flowfield as a basis for the sound propagation simulation. The cal-
culated mean flowfield is shown in Fig. 4, where M0 = − 0.5 is an
averaged mean flow Mach number at the source plane x = 0. The
entropy distribution generated by CFD is not exactly constant due
to numerical errors especially around the spinner tip and duct lip
regions. However, these nonhomentropic regions are very limited
and the disturbance in the speed of sound a2 = γ ( p̄/�̄) is first or-
der with respect to the perturbation quantities. The products of the
perturbation quantities and the disturbance of homentropy are there-
fore second order. The entire mean flowfield can be approximated
as homentropic, which is consistent with the acoustic computations.

Because of the differing requirements for CFD and CAA cal-
culations, both procedures need different grids. This requires an
interpolation of the mean flowfield from the CFD grid to the CAA
grid. A routine for this interpolation has been provided by DLR.19

Figure 4 shows that the mean flowfield varies in both the radial and
axial directions, even at the source plane x = 0.

There are differences in the mean flow solution among the CAA,
FEM, and MS methods. The FEM computations are based on a
two-dimensional potential mean flow, which is very close to that
used in the CAA computations. The CAA mean flow is nonuni-
form throughout the duct; however, the FEM and MS mean flow
velocities are uniform at the source plane x = 0. Unlike the CAA
and FEM methods, the mean flow in MS is based on a quasi-one-
dimensional solution. It is expected that these differences should
result in deviations in the acoustic computation results.

Furthermore the sound source also requires a uniform mean flow
in the CAA computations. This difference causes the inconsistency
at the source boundary region in the CAA computations. For this rea-
son, it should be expected that higher radial modes will be observed
in the current CAA numerical results. It is, however, anticipated that
an alleviation will occur through either the introduction of a straight
annular duct transition zone between the sound source plane and the
section of variable area or the reformulation of the sound source for
variable flow occurrences.

Acoustic Field
A large number of numerical tests have been carried out with

parameter variations of m, n, ω, and M0. In the interest of brevity,
only two typical cases are presented.

First, the numerical results for the m = 10, n = 1, ω = 16 case with
mean flow at M0 = −0.5 is presented in Fig. 5 and compared with
the solutions of the FEM and MS methods.10 The main pattern of the
CAA results agree well with the FEM and MS solutions. However,
the CAA solutions are much closer to the FEM solutions. There are
two main reasons for this: First, both the CAA and FEM numerical
methods permit the propagation of many modes and scattering is
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Fig. 4 Normalized mean flow contours, CFD Euler solution,
M0 = −−0.5. Top down: normalized pressure and the velocity components
Ū and V̄.

incorporated in the numerical solutions, whereas the MS method
assumes that a single mode does not scatter into other modes in the
gradually varying duct. Based on Eq. (10), the cutoff ratio ξ is ap-
proximately 1.57 at x = 0 for the case of m = 10, n = 1, ω = 16, and
M0 = −0.5. Theoretically, the second radial mode (m = 10, n = 2,
ω = 16, M0 = −0.5) is also cuton with ξ ≈ 1.124 at x = 0. This im-
plies that the second radial mode is capable of being scattered and
of interfering with the excited first radial mode in both the CAA and
FEM solutions. However, no interference between modes should
occur in the MS solution due to the WKB assumption of each mode
in the slowly varying duct. The second reason is that both the CAA
and FEM solutions include the reflected modal amplitudes from the
duct and mean flow variations, particularly from the duct lip and
inlet plane regions. But the left- and right-running waves have been
explicitly given in the MS solution, which has excluded the reflec-
tion characteristics apparent in the real physics. Therefore the CAA
and FEM solutions have clear interference patterns and some visi-
ble wiggles, whereas the MS exhibits very smooth contours. Higher

Fig. 5 Normalized pressure contours (M0 = −−0.5, m = 10, n = 1,
ω = 16). Top down: CAA, FEM, and MS.

radial modes can be observed for both FEM and CAA especially
around x = 0.2, 1.0, and 1.6, where a higher pressure amplitude at
the casing appears together with a minimum value at around x = 0.5.

Comparing carefully the CAA and FEM solutions, some differ-
ences can be observed near the hard-wall boundary region, partic-
ularly in the lip and spinner tip regions. This deviation is mainly
attributed to the different mean flows used in the respective calcu-
lations. Compared with mean flow used in the FEM calculations,10

the mean flows used in the CAA calculations have stronger radial
and axial variations (as seen in Fig. 4). It would be possible to use
an equivalent mean flow for exact comparison; however it is not ab-
solutely required because the observed difference between the CAA
and FEM methods is already very minimal.

Variations in frequency ω and the azimuthal mode number m
can lead to different propagation patterns. Given a fixed azimuthal
mode number m and radial mode number n, the cutoff ratio ξ at the
source plane x = 0 will increase with increasing frequency. To give
an example, ξ will be increased to about 4.905 if ω is set to 50 for
the case of m = 10, n = 1, M0 = −0.5. Then 11 radial modes will
be cuton and the first radial mode will interfere with 10 scattered
higher radial modes. Several CAA solutions have been compared
with the FEM and MS solutions with a good agreement and will not
be presented here.

With respect to an increase in azimuthal mode number m, the ra-
dial wave number of the primary first radial mode will be increased.
Figure 6 shows a comparison of results for m = 40, n = 1, ω = 50,



LI ET AL. 2025

Fig. 6 Normalized pressure contours (M0 = −−0.5, m = 40, n = 1,
ω = 50). Top down: CAA, FEM, and MS. In the CAA results, the solid
and dotted lines were calculated based on the coarse and refined grids,
respectively.

and M0 = −0.5. In this case, the cutoff ratio ξ at x = 0 is about 1.35
for the first radial mode. Theoretically the first three radial modes
are cuton. In Fig. 6, the CAA results were calculated based on both
the coarse mesh (solid lines, with 451 × 151 grid points) and the re-
fined mesh (dotted lines, with 901 × 301 grid points). Both contour
lines agree well; only very small differences can be observed at the
very low amplitude regions. The numerical solutions (CAA, FEM)
for m = 40 agree better with the MS solutions compared with the
agreement at the lower azimuthal mode case of m = 10. However,
wiggles in the CAA and FEM solutions are still visible because of
scattering of higher radial modes.

In general, the CAA solutions agree well with the FEM and MS
solutions. This indicates that the proposed CAA procedure has com-
parable properties for predicting the sound propagation in ducts with
complex geometry and flow physics, while employing a different
numerical method with assumptions different from those of FEM
and MS in the solution.

Numerical Study of the Hard-Walled Cuton and Cutoff Transition
Phenomena in an Axisymmetric Aeroengine Inlet Duct

To show the capability of the proposed CAA procedure, the hard-
walled cuton and cutoff transition phenomenon is investigated for
the same axisymmetric aeroengine inlet duct with geometry defined
by Eqs. (20) and (21).

The cuton and cutoff transition of a mode in a hard-wall flow duct
is also known as a turning point problem. It was studied by Nayfeh
and Telionis20 for the no-flow case and was recently extended to
include flow effects by Rienstra.21 In the case of no flow, the transi-
tion or turning points are solely determined by the variation of duct
geometry that is mathematically described by the cutoff ratio ξ . The
portions of the duct for which ω > µmn are defined as cuton regions,
whereas those for which ω < µmn , where the imaginary part of the
axial wave number is nonzero, are known as cutoff regions. The axial
positions at whichω = µmn are called the transition or turning points.
A direct practical application is to reduce the acoustic energy in a
duct by gradually decreasing and then increasing its cross-sectional
area,20 as the imaginary part of the wave number is connected to a
decaying amplitude of the related mode. Rienstra’s study21 further
showed that the usual turning point behavior could also be found in
a slowly varying hard-walled duct with irrotational isentropic mean
flow. In addition to the geometric effect, the mean flow effect must
be included for cases incorporating a mean flow. Theoretically the
turning plane is located at the position where ω = µmn

√
(1 − M2

x ).
The decaying mode can propagate only for cases with mean flow.

In the no-flow case, the axial wave number is zero at the turning
plane, which is related to an infinite axial wavelength c, and the
acoustic wave will not propagate forward with a wavefront normal
to the duct wall. Because of the conservation of the acoustic energy
in case of homentropic mean flow, the turning plane must excite a
reflected wave transferring the energy backward to the sound source
region. With mean flow, there is a transmitted cutoff wave with
wave number k = −ωMx . The reflected and incoming waves both
have positive wave numbers related to phase velocities opposed to
the flow direction. Nonetheless, the group velocity associated with
energy transport is positive only for the incoming wave. Therefore a
pattern of positive and negative interference between the incoming
and reflected waves should be observed for each turning point. The
sound source has to be nonreflective to the reflected wave in this
case.

Here the nonconvective hard-walled cuton and cutoff transition
case is first studied by the proposed CAA approach. Figure 7 gives
the isopressure distribution with m = 10, n = 1, ω = 12, and Mx = 0.
For checking the CAA results, the cutoff line (ξ = 1) is also depicted
in Fig. 7 based on the analytical eigenvalue solutions for µmn , as-
suming an annular cylindrical duct. Theoretically the excited sound
mode is only slightly cuton with ξ ≈ 1.0195 at x = 0 and becomes
cutoff at x ≈ 0.19. This means that x ≈ 0.19 is the theoretically pre-
dicted turning plane. The numerical calculation results from CAA
show that the sound wave at x < 0.23 is fully cuton, whereas it de-
cays very quickly for x > 0.23. Thus the calculated turning plane
from CAA is located around x = 0.23 with a good agreement with
the theoretically predicted position.

Furthermore, a cuton and cutoff transition case is shown in Fig. 8
based on an Euler mean flow (as shown in Fig. 4 with M0 = −0.5) for
m = 10, n = 1, ω = 11.129. The variation of the flow is rather strong
especially around the spinner and the lip region, which violates the

Fig. 7 Normalized pressure contours for the cuton and cutoff transi-
tion case (M0 = 0, m = 10, n = 1, ω = 12). The turning plane is situated
around x = 0.23.



2026 LI ET AL.

Fig. 8 Normalized pressure contours calculated based on an Euler
mean flow (see Fig. 4) (m = 10, n = 1, ω = 11.129, M0 = −−0.5). The CAA
predicted turning plane is situated around x = 1.2.

Fig. 9 Normalized pressure p̄ contours (top) and axial velocity compo-
nent Ū (bottom) of the quasi-one-dimensional potential mean flow used
in Fig. 10.

assumption of uniform mean flow. The approximated turning plane
based on Eq. (9) is located at x ≈ 0.6. However, the CAA calculated
results show a standing wave pattern at x < 1.2 and a decaying wave
pattern from x > 1.2. This is done in spite of the rough approxima-
tion of the real flow conditions due to the variable geometry. This
means that the CAA calculated turning plane is roughly located at
x = 1.2, whereas the analytical solution locates it at x ≈ 0.6, in a
radially relatively constant mean flow. The conclusion is therefore
that the shown radial variation of the flow in a real engine inlet has
a vital influence on the turning behavior.

This sizable deviation is suspected to be due to the spatial variation
of the mean flowfield. For testing this hypothesis, a slightly spatially
varying quasi-one-dimensional potential mean flow is calculated
with M0 = −0.5 for the same duct geometry as shown in Fig. 9;

Fig. 10 Normalized pressure contours calculated based on quasi-one-
dimensional potential mean flow (see Fig. 9) of M0 = −−0.5 at m = 10,
n = 1, ω = 11.129. The CAA predicted turning plane is situated around
x = 0.52.

the pressure in the flow is kept constant along grid lines. The CAA
results as well as the theoretical cutoff ratios for the same duct
mode are calculated again as shown in Fig. 10. It is very interesting
to find that the CAA-predicted turning plane lies very close to the
theoretically predicted position x ≈ 0.52. It can be observed that the
turning plane based on this artificial potential mean flow is much
closer to the sound source region than that of the real Euler mean
flow. Additional numerical results for a very high azimuthal mode
transition case has found a similar phenomenon. Therefore it can be
concluded that the cuton and cutoff behavior not only is dependent
on the duct geometry but is also very sensitive to the basic mean
flowfield.

Considering the available theoretical studies for the no-flow
case by Nayfeh and Telionis20 and for the irrotational isentropic
mean flow case using the slowly variable duct approximations by
Rienstra,21 the investigation in this paper provides an additional un-
derstanding about the cuton and cutoff transition behavior in com-
plex mean flow ducts. In particular, the physical correctness of the
mean flow is crucial for the accurate prediction of the turning plane.

Conclusions
A three-dimensional axisymmetric CFD/CAA approach is pro-

posed to simulate sound wave propagation in axisymmetric duct
flows. The main idea is to calculate each azimuthal mode using a
Fourier transform and decomposition for the azimuthal coordinate
ϕ. Optimized high-order schemes are employed for both the space
discretization and time stepping. A buffer-zone-type BC has been
found to be very reliable and stable, while offering the possibility to
formulate an accurate nonreflective sound source boundary condi-
tion. The proposed procedure has been validated successfully using
a number of different examples.

Furthermore, the acoustic mode cuton/cutoff transition phe-
nomenon in a hard-walled duct is studied for no-flow as well as flow
cases. Two different mean flow assumptions have been compared
with special attention to the turning plane. The turning plane pre-
dicted with an artificial quasi-one-dimensional potential flow agrees
well with the theoretically predicted location. However, the numer-
ical results based on the real two-dimensional Euler flow deviate
from the analytical results. This indicates that the mean flow plays
a very important role in the determination of the turning plane in
addition to the known duct geometry effect.

The main advantages of the proposed three-dimensional axisym-
metric CFD/CAA approach are twofold. First, it is very efficient
compared with full three-dimensional computations for axisymmet-
ric duct flows. Second, this approach is rather straightforward and its
suitability can be extended to more complex mean flow cases, such as
nonhomentropic mean flows (through the introduction of the energy
equation) or flows with swirl, which forms the focus of current work.
The soft-wall BC has not been implemented in the present proce-
dure, but its development and validation is planned in the near future.
One drawback of the three-dimensional axisymmetric approach is
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that it cannot be applied to a fully three-dimensional flow and ge-
ometry, such as a scarfed inlet. Therefore, fully three-dimensional
numerical methods are still necessary in certain cases.
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